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Introduction

O VER the past 100 years, much research has been directed at
circular cylindrical shell buckling. One area of particular

interest is in clarifying the reasons for the discrepancy between
theoretical and experimental buckling stress of thin isotropic circular
cylindrical shells, especially under axial compression. Postbuckling
behavior, initial imperfections, or boundary conditions have been
used to explain the discrepancy, although the main causes are now
considered to be the effects of initial imperfections and their
relationship to postbuckling characteristics [1,2]. The effects of
boundary conditions, on the other hand, were discussed by Hoff [3],
who showed that axial buckling stress calculated for the special
boundary conditions is one-half of the classical value. The employed
boundary conditions, however, are considered to be unrealistic [4].
Yoshimura [5] attributed postbuckling characteristics under axial
compression to the developability of the initial cylindrical surface;
that is, the Gauss curvature equals zero. The postbuckling mode
presented by Yoshimura is a developable polyhedral surface
(Fig. 1a) that is different from the chessboard-type (rectangle-type)
mode andwas named the “Yoshimura pattern” byHoff et al. [6]. Key
references related to the present problem are found in texts by
Yamaki [7] and Singer et al. [8]. In recent years, numerous studies
have focused on buckling of composite or laminated cylindrical
shells. For example, Riddick and Hyer [9] employed finite element
analysis for segmented circular composite cylindrical models under
axial compression, ultimately showing calculated postbuckling
modes.

Here, it is shown that the developability of cylindrical surfaces
also leads to buckling mode patterns under torsional load (Fig. 2a)
and external lateral pressure (Fig. 2b). Such developability leads to
buckling and postbuckling characteristics that are quite different
from flat-plate problems. In other words, the developability provides
the mechanics of the cylindrical shell buckling process. It is
concluded that

1) Buckling and postbuckling modes under axial compression
should be the same.

2) The number of waves may change during the postbuckling
process.

Moreover, the axial buckling modes should be similar to the
modes described by Yoshimura [5], being different from the so-
called chessboard pattern that has been traditionally been used in
previous studies.

Buckling Modes

Differential geometry is used to show that a cylindrical surface is
developable due to the Gauss curvature being equal to zero, which
allows us to tessellate various types of polygons on deployed flat
surfaces. When flat surfaces tessellated by triangles (Fig. 3a) are
wrapped cylindrically the circular cylindrical surfaces can be
deformed into the Yoshimura pattern (Fig. 1a), which has sharp
inward and outward ridges and flat triangular surfaces, being quite
different from the original cylindrical surface. The bold and thin lines
in Fig. 3a correspond, respectively, to outward and inward ridges
(fold lines), whereas the triangular surface is inextensional. If the
ratio of thickness to radius is very small, the ridges contain most
strain energy during buckling. For plate buckling, both extensional
and bending strain energy play the role during buckling; that is, the
flat plates do not have a developable surface other than the original
flat surface. Flat surfaces tessellated with more general polygons
(Fig. 3b) can also be wrapped cylindrically, having outward and
inward ridges (Fig. 1b). A pattern similar to that shown in Fig. 3bwas
observed by Coppa [10] during impact buckling experiments,
whereas the patterns shown in Figs. 2a and 2b look like the buckling
modes calculated by Yamaki [7] under torsion and under external
lateral pressure. These modes can be deployed on flat surfaces if the
boundary conditions at both edges of the cylinder are not considered
(Figs. 4a and 4b). Such patterns and the Yoshimura pattern are
special cases of Fig. 1b. The flat surfaces tessellated with the so-
called chessboard or rectangular pattern (Fig. 5) can also be wrapped
into circular cylinders surfaces, but do not exhibit sharp inward and
outward fold lines or flat rectangles, because horizontal lines are at
right angles to the vertical lines. This pattern has been conventionally
used to represent the axial buckling mode to solve the problem.
However, patterns like Yoshimura’s have only been used in analysis
to represent the postbuckling mode and not the buckling mode. In
contrast, it is confirmed here using an analytical approach that the
buckling mode should be the same mode as in the postbuckling
region, except for the number of waves.

Axial Buckling Mode

Cheng andHo [11] showed that for anisotropic circular cylindrical
shells, Flugge’s buckling differential equations and given boundary
conditions can be solved exactly for torsion and external lateral
pressure, although they did not try to solve the axial buckling
problem, for some unknown reason. The basic differential equations
are shown as follows:
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(1)

where x and � are the axial and circumferential coordinates; a is the
radius;u, v, andw are the axial, circumferential, and normal buckling
displacement, respectively; k� t2=�12a2�; q2 � P�1 � �2�=�Et�;
and t, P, E, and � are, respectively, the thickness, applied axial load,
Young’s modulus, and Poisson’s ratio.

The deflection functions u, v, andw are assumed and are likewise
used for the buckling mode under torsion; that is,

u�U sin���x=a� � n�� v� V sin���x=a� � n��
w�W cos���x=a� � n��

(2)

wheren is the circumferential wave number,��m�a=L, andm and
L are the number of axial half-waves and cylinder length.

The deflection functions in Eq. (2) were used for axial buckling of
filament wound cylinders by Tasi et al. [12] to satisfy Eq. (1).

Fig. 1 Buckling mode of thin circular cylindrical shells: a) Yoshimura

pattern under axial compression and b) general polygon pattern.

Fig. 2 Buckling mode a) under torsion and b) under external lateral

pressure.

Fig. 3 Flat surface tessellated with the a) Yoshimura pattern and

b) general polygon pattern.

Fig. 4 Developed a) torsional and b) external lateral pressure patterns.

Fig. 5 Rectangle (chessboard) pattern usually assumed for axial
buckling mode.
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Substitution of Eq. (2) into Eq. (1) yields characteristic buckling
equations for isotropicmaterials expressed as Eq. (A6) byCheng and
Ho [11]. When the first estimate of axial buckling load is given, the
eight roots of the characteristic equation (eighth-degree polynomial
of�) are calculated for the given dimensions,material properties, and
assumed circumferential wave number n; therefore, eight terms are
considered for the deflection functions u, v, and w. The deflection
functions given by Eq. (2) must also satisfy the boundary conditions

u� v� w� @w=@x� 0

at x��L=2 for the case in which both edges are clamped. The axial
buckling load is changed iteratively to satisfy both the characteristic
equations and boundary conditions until convergence. Note that the
eight terms of Eq. (2) can satisfy both the buckling differential
equations and boundary conditions. Details of the numerical
procedure are in a report by Tasi et al. [12]. The axial buckling mode
assumed in most previous research has been the chessboard pattern,
which cannot express a pattern such as Yoshimura’s. However, a
Yoshimura-like pattern has been used for the postbuckling region;
for example, Yamaki [7] assumed Eq. (2.10.4) to represent the axial
buckling mode:

u�U exp�i�x=a� cos n� v� V exp�i�x=a� sin n�
w�W exp�i�x=a� cos n�

(3)

where i�
�������
�1
p

. Eight terms with a different � value in Eq. (3) also
satisfy the axial buckling differential equations and boundary
conditions. The preceding mode forw is the rectangle pattern shown
in Fig. 5 and has the zero of w on lines �� constant (generator);
therefore, Yamaki [7] only shows the axial distribution of the
buckling deflection. Weaver [13] and Wong and Weaver [14]
derived analytical expressions for an axial buckling load on
composite cylinders, using the same buckling deflection as Eq. (2).
However, they use only one term, such that their deflection function
cannot satisfy the boundary conditions.

Conclusions

The developability of circular cylindrical shells gives the buckling
modes under torsion and external lateral pressure just as for the case
under axial compression. The buckling and postbuckling modes
should be represented using a pattern similar to that used by
Yoshimura, in which the number of waves may change during the
postbuckling process.
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